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Where to begin is the question! There are so many,
many people we want to thank for the very ex-
cellent convention we have just had. Certainly we
do not want to leave anyone out, but even at the
risk of that, we do want to say, on behalf of Texas
Council of Teachers of Mathematics, thank you
and we are indeed grateful to

Dr. Bill Guy, general chairman

Mrs. Betty Chipman, program chairman
Dr. Irene St. Clair, registration chairman
Mr. Eddie Likins, exhibits chairman
Mrs. Carlie Estefan, financial chairman
Mr. Elgin Schilhab, properties chairman

and countless others who did so much to make
this truly the best convention we've ever had.
Hopefully, you gained some very practical ideas
you could put to work “on Monday.” Share your
ideas and enthusiasm in your building! As we
begin to plan for next year’s conference, we urge
you to send us your suggestions. There was truly
something for everyone this year. Next year we
want this too.

We are pleased to welcome two new officers to
the Texas Council Executive Committee. Bill Ash-
worth, department chairman, Dobie High School
in Pasadena, is the new president-elect. John
Savell, department chairman, Lanier High School
in Austin, is the new vice president representing
senior high school. He takes over from Thomas
Hall whose term expired.

A constitution committee was established at
the annual meeting, If you have comments or sug-
gestions regarding any part of the constitution,
please write Bill Ashworth, Chairman, Constitu-
tion Committee Dobie High School, Pasadena In-
dependent School District, P, O. Box 1799, Pasa-
dena, Texas. ‘

You will be interested in the history of the
Texas Council of Teachers of Mathematics that
wiil be completed soon. We are grateful to Keene
Van Order for his fine work in this endeavor.

Workshops will again be held across the state.
Be on the look out for publicity and sign up early.
This is one of the most beneficial services the

Texas Council offers. Teachers are glad to take
their time to engage in an exciting half-day with
math,

Are you getting the Texas Mathematics Teach-
er, or are you borrowing it from a friend? Every
issue brings more and more practical ideas for all
levels. We are indeed grateful to those who have
taken their time to contribute many, many excel-
lent articles. Join TCTM now and get your copy
of the journal.




A Technique of Instruction for Solving
Word Problems in Arithmetic

by MAX JERMAN
Seattle Pacific College

The notion that simply giving students lots of

problems to solve is the best way to teach problem
solving in arithmetie, is not supported by research
literature. This is not to say that students should
not be given many problems to solve, but rather
.to say that a program of systematic instruction
should precede the presentation of sets of problem-
solving exercises to students. Although there is a
lack of consistent findings in reports of problem-
solving research, I shall review some of the attri-
butes of successful programs of instruction in
problem-solving which researchers have repeatedly
identified as significant, in terms of learning to
solve problems in general as well as word-problem
exercises in arithmetic. Then I shall report on the
results of tests of some programs which have at-
tempted to incorporate these attributes.

Crutchfield (1966) listed several characteristics
which he considered to be important components
for any program of instrutcion in problem-solving.
Included among the components mentioned were
such things as: (1) the value of defining the prob-
lem properly; (2) techniques for identifying the
problem properly; (3) generating and testing many
ideas without fear of making mistakes; {(4) looking
everywhere for clues and sources of ideas; (5)
provide immediate feedback to a student’s re-
sponses to confirm or guide his thinking; (6} free-
dom from direct group or teacher pressure to keep
up with others; and (7) checkpoints for individual
diagnosis of sequential progress in learning to solve
problems.

Crutchfield was concerned with generalized in-
struction in problem-solving rather than instruc-
tion in any particular academic content area.
Nevertheless, the principles have been found ef-
fective in instruction in problem-solving in arith-
metic as well. One exception to the generally

favorable findings is a study by Treffinger and

Ripple (1966) which did not provide evidence for
transfer from the Productive Thinking Program,
which was coauthored by Covington, Crutchfield,
and Davis (1968), to problem-solving exercises in
arithmetic for students in grades 4 through 7.
However, this may have been due to the low level
of reliability and high level of difficulty of the
problem-solving tests used in the study. A general
problem with some of the studies of methods of
teaching problem-solving skills is that they have
used only one-step problem exercises in their cri-
terion tests. It may be that the effect of the spe-
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cial training students received was masked by the
lack of complexity in the types of problems stu-
dents were asked to solve.

‘This may have been the case in a study by
Wilson (1964). He sought to compare the effec-
tiveness of two approaches, an action-sequence
approach and a wanted-given approach. Although
he reported that the wanted-given approach was
the most effective for fifth-grade students, his test
instruments contained only one-step problems.
Wilson’s technique was to lead the student to;
(1) recognize the wanted-given structure of the
problem; (2) express the structure by using a
single direct equation; and (3) solve the equation.
Students in Wilson’s study were taught four basic
types of equations which were to be applied to
problems requiring the four basic operations. He
used a part-whole terminology in his instructional
program.

A modified version of Wilson’s wanted-given
program was tested experimentally by Jerman
(1971). Instead of teaching students, fifth-graders
that there are four types of problems, they were
taught that there were basically two types, sum-
type problems and product-type problems, If a
problem is a sum-type problem, then it is of the
form a + b = c¢. This is the first step. The wanted-
given aspect enters as one attempts to determine
whether it is a sum or an addend that is wanted.
If a sum is wanted, then the operation required
is that ol simply adding the given addends. I
one of the addends is wanted, then the required

Figure 1. Decision structure of the Medified Wanted-
Given Program for simple one-step verbal problem
solving indicating decision levels,
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operation is subtracting the given addend from
the sum to find the missing addend. In a similar
manner, students were taught to identify and solve
product problems,

The effectiveness of this approach seems to ac-
crue from: (1) keeping the number of rules to be
remembered as few as possible, namely two as
suggested by the reasearch of Thiel (1939) and
Mitchell (1932); (2) providing an interesting in-
structional dialogue, via programmed text using
cartoon characters with whom students can readily
identify as suggested by Crutchfield and others;
(3) providing immediate feedback for each step
of each problem as suggested by Crutchfield and
the research on programmed instruction and com-
puter-assisted instruction, and (4) demonstration
of some alternate ways to solve various problems
without laboring the point. As shown in Figure 2,
there is no need for the student to learn new rules
to handle multiple-step problems.

Figure 2. Decision structure of the Modfied Wanted-
Given Program for multi-step verhal problem solving.

The same rules can be applied in each case,
thereby reducing the complexity of the problem-
solving task.

In the study reported by Jerman (1971), which
compared student achievement on multi-step arith-
metic word problems by students who were given
the Productive Thinking Program, the Modified
Wanted-Given Program and a control group, the
results indicated that both groups which received
instruction in problem solving scored significantly
higher (p < .001) than the control group in terms
of their ability to use the correct procedure. As
suspected, the effects of instruction in the Pro-
ductive Thinking Program became evident and
significant on tests which included problems re-
guiring several steps for solution. Students in the
modified Wanted-Given Program scored signifi-
cantly higher (p < .005) than those in the Pro-
ductive Thinking Program in terms of using the
correct procedure to solve the problems. This
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seemed to indicate that while instruction in general
problem solving produced significant differences as
compared to a control group, that specific instruc-
tion in problem solving in a mathematical context
produced further significant gains.

Covington and Crutchfield (1965) and Olton et
al. (1967) reported the observation that students
achieved up to 50 percent higher scores on post-
test measures of creative thinking and problem-
solving in classes where the teacher discussed each
lesson. In a follow-up study just completed, Zulick
(1973) studied the effects of teacher discussion vs.
non-discussion with two classes using the revised
edition of the Modified Wanted-Given Program
(Jerman, 1973). The revised version of the Modi-
fied Wanted-Given Program consisted of 10 pro-
grammed lessons, as compared to 16 in the original
version, together with two problem cards for each
lesson which contained from 8 to 10 exercises.
The students were directed to work through the
programmed booklets, checking all their work with
the answers provided and complete the 4-item
post-test contained in the back of each lesson
booklet. If the student met criteria on the post-test,
3 out of 4 items correct, he was directed to the
“shorties” problem card which contained a variety
of short exercises, 10 in number, which were in-
tended to provide practice for the concepts taught
in the lesson. If a student met criteria on the
“shorties,” 8 out of 10 correct, he was directed to
the “challengers” problem card which contained a
variety of problems, 8 in number, of varying num-
bers of steps. Any student failing to meet criteria
in the instructional booklet was directed to a
remedial help section of the booklet for an alier-
nate approach to the topic. Any student failing to
meet criteria on the problem cards was directed to
restudy the instructional booklet and to try again.
Three classes of remedial seventh-grade students
were used in her experiment. Two of the classes
were selected at random to serve as treatment
groups. In one class she discussed each lesson atl
the end of the period and worked through one or
two of the problems with the class. The other class
received no discussion but simply worked through
the programmed materials on their own. Zulick
found no significant differences, due to discussion,
in mean scores for the two treatment groups, How-
ever, both groups scored significantly higher than
the control group on both the post-test and follow-
up test of 20 word problems each.

This second study did lend support to the
effectiveness of the approach in ferms of correct
responses on criterion measures rather than simply
the number of times the correct procedure was
used as was the case in the Jerman (1971) study.
The results of the follow-up study also cast some
doubt on the effectiveness of class discussion in a
problem solving context in mathematics of the type
used in this study. Further study needs to be
undertaken to identify the factors that inhibit or




enhance the effectiveness of discussion of pro-
grammed instructional materials in problem solv-
ing in arithmetic.

The revised edition of the Modified Wanted-
Given Program contained what this writer believes
to be some of the most effective components of
instruction in problem solving in arithmetic. These
are:

1. Require the student to remember no more than two
rules such as sum-type or product-type identification.

2. Provide extensive instruction on important terms such
as sum, product, addend, and factor and the means of
solving simple equations for the unknown, wanted,
term.

3. Provide for immediate feedback for each step of ‘the
solution to each problem.

4. Provide motivation by the use of cartoon characters
or some other means to enhance the probability that
the student will identify with some aspect of the
instructional program.

5. Provide sequential progress check tests so that the
student has an opportunity to evaluate his own growth
in problem solving ability.

6. Provide an obviously graded set of word problem
exercises, requiring more than one step for solution,
at regular intervals for practice.

7. Provide a wide variety of exercises that are occa-
sionally humorous or silly to keep the instructional
approach from becoming too heavy.

As can be seen, the list of components above
represents a synthesis of the ideas and suggestions
put forward by many people including Crutchfield
and his colleagues, Wilson, and the author’s own
experience. Taken together, they seem to provide
a sound basis for the development of an effective
instructional program in problem solving in the
elementary school.
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Experimenting with Formats for the
Sieve of Eratosthenes

by ROGER OSBORN
The University of Texas at Austin

Most teachers of mathematics — particularly in
the seventh and eighth grades — recognize the
Sieve of Eratosthemes as a procedure (algorithm)
for producing the primes in a list of all natural
numbers from 2 to n, n > 2. It is not the purpose
of this discussion to give the details of the steps in
the sieve and the proofs of their validity, but,
rather, to suggest that some formats for following
the Tules are more efficient than others, and that
at least one format leads to auxiliary results of
gufficient interest to merit some study of (or at
least inquiry into) these side effects.

The common format found in fextbooks for ar-
ranging the matrix of numbers in preparation for

applying the rules of the sieve is to have the first
row contain the numbers (this means, of course,
their representations, but the number/numeral ar-
gument is counterproductive here) 2 through 10,
and all subsequent rows contain ten members:
2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20.
This traditional arrangement into tens is doubtless
dictated by our “hang-up” about arranging every-
thing with the same base that our numeral system
uses. )
Let me suggest an experiment, first for you the
reader, and then later, possibly, for some of your
pupils. A single piece of paper (or stencil) is
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adequate for this experiment. On the sheet, arrange
the numbers 2 to 120 in rows of ten (except for the
first row) as indicated above, in rows of six:
2 3 4 5 &6

7 8 9 10 11 12 , in rows of seven, and
13 14 15 in rows of two.
[Obviously, other choices are available: rows of
five, or of twelve, or of twenty-one, etc., but the
ones suggested in the preceding sentence should

suffice. Further, the arrangement in rows of two ~

will fill a narrow vertical strip of the page, and
you may not get all of the numbers up to 120 on
the page, but you should have enough for the
experiment. ] :

Now begin applying the rules for the sieve. With
your pencil, draw a ring around the 2 to show that
it is to be kept, and scratch out every second num-
ber thereafter {every subsequent multiple of 2).
Do this in every one of the four formats suggested.
If you conveniently can do so, lind Lhe paltern in
each format of where these multiples of 2 are lo-
cated so that the scratching out may be done
efficiently by one or several long pencil strokes.

- Put a ring around the 3, the least number re-
maining on the list which has not yet been en-
circled or scratched out. Start counting from the
3 and scratch off from the original list every third
number thereafter (these are the subsequent
multiples of 3 and, as such, are not primes).

Again, if for each format you can find the pattern
of where these multiples of 3 are located, then you
will be able to use one or more long pencil strokes
to scratch them out,

At this stage of the procedure, regardless of
format, approximately two-thirds of the members
of the original list have been scratched out. At this
stage, which of the formats seems to have been
most convenient to use?

Keep the 5 which remains near the head of the
list. Show this by putting a ring around it. Scratch
out every fifth number (of the original list) there-
after — the subsequent multiples of 5. What is the
pattern for their locations? Try to describe it to
yourself for each of the experimental formats. Try
to scratch out these multiples of 5 with long pencil
strokes.

Keep the 7 (near the top of the list) and scratch
out the subsequent multiples of 7. What is the
pattern of the locations of these multiples of 7 in
each of the formats? Can you again use long
pencil strokes to scratch out several per stroke?

Keep the 11, and scratch out the subsequent
multiples of 11. Where are they? [I realize that,
by this stage of the procedure, the sieve has al-
ready cast aside all composite numbers from the
original list and has kept only those of the original
numbers which are prime, but please bear with the
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instructions and questions anyway.] Can these
multiples of 11 be scratched out with long pencil
strokes? What adjective or noun would you use
to describe these strokes?

Continue at least through keeping 13 and strik-
ing out all subsequent multiples of 13, keeping
17 and scratching out subsequent multiples of 17,
and doing likewise for 19.

Did one of the original formats display more
recognizable patterns in the scratching out process
than did the others? My answer is an unqualified
“yes,” The arrangement in rows of six should have
had the greatest number of discernable patterns,
and it will be this format about which the remain-
ing comments and questions will be concerned.
The “long pencil strokes” described ahove should
be all diagonals of varying inclination, some de-
clining to the left, some to the right. The multiples
of 5 are on diagonals declining to the left, one
column over and one row down (except for having
to start a new diagonal in the right-most column
every once in a while . . . how often?). The multi-
ples of 13 are on diagonals declining to the right,

one column over, two rows down. How would you
describe the diagonals which strike out the multi-
ples of 17? Of 197

In which of the columns do the 2 and the 3
occur? In which columns do all of the rest of the
primes occur? In which column do multiples of 6
occur? Would your answers to the second and third
of these preceding questions lead you to suspect
that ¢ll primes greater than 3 are either one
greater or one less than some multiple of 67

Do you see any other patterns developing in the
table with rows of six?

After answering these last several questions for
the table of rows of six, try to answer them for
each of the other formats. -

Even if, after comparing formats, you still prefer
the tens’ format for the Sieve of Eratosthenes, 1
hope you see both the validity of experimentation
with the formmat and the usefulness of the search
for patterns. Only through experimentation can
improvements in notation and procedure be found;
only through recognition of patterns can progress
be made in our understanding of mathematics.

Mathematics for the Seventies

by LOLA J. MAY, Ph.D.
Mathematics Consultant
Winnetka Public Schools, Illinois

The teaching of mathematics at all levels should
be exciting for the emphasis is now on teaching
strategies. No longer is there a need to worry
about number versus numeral, how to spell com-
mutative, or the right and left distributive prop-
erty. Now the need is to learn more about creating
activities that help build models for learners.
Morris Klein is right when he states the issue is
not traditional mathermatics versus modern mathe-
matics but how to teach mathematics. Many of the
so called trouble spots in mathematics are created
because teachers and textbooks miss some of the
essential teaching steps in learning a concept or a
gkill. These steps can be taught by skillful teach-
ers.

A trouble spot in the primary levels is where
pupils continue to count all the objects presented
in two sets. Then the jump is made from this to
trying to do addition with only abstract symbols.

The first stage the pupil is given four objects
[ U R I A O o

4 44+ 3=7
O 0o d Ol

How many? (7) How many? (7) How many? (7)
First stage Second stage Third stage

and three objects and asked, “How many?”’. The
pupil counts 1, 2, 3, 4, 5, 6, 7. The second stage

should be where the number of the first set is
given so the pupil does not count the objects and
then counts only the objects in the second set. The
counting goes 4, 5, 6, 7. Then the third stage of
seeing the number of both sets and just giving
the sum. Going from concrete for both sets to
abstract for both sets is a big jump and the second
stage is needed for many pupils.

Another trouble spot is sequential counting in
the primary grades. Again the pupils need a model
to help them understand what they should do to
find the missing numbers in the sequence. Stairs
can be shown and in the first stage the pupils
write the number that goes with each step. In
the example the pupil sees that you go from one
step to the other by adding 2. They can complete
the sequence 6, 8, 10, 7 7 by continuing to add 2.
Many examples like this with adding 5, 10, 3, and
4 should be used. The next stage is to show the
stairs with the numbers written on fop of each

?
2| 4-2

6l+2

step and the pupil has to tell how high is each
step. Once the pupil has decided the rule is add 5,
then the sequence 15, 20, 25, ? ? can be completed.

6,8 10, 2, 2
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After many examples like this are presented the
pupils are ready to look at sequences where the

25
20| 2 ,

15 |7 15, 20, 25,2 ,_7_
rule is add some number and decide on their own
what they need to add. The same stages are re-
peated for subtracting a given number in a se-

quence, Once this has been done the pupils have
a model to help them get started with easy

42

—321?
—21 7 42, 40,38, 2,2

70
? |60
50 70, 80, 50, 7 , 2
sequences and will be better prepared to tackle
sequences that are more difficult.

Before students get involved in learning to re-
name in subtraction they need to be trained to
look at the problem and make some decisions.
Problems should be given where the students

bl 2 68 710 97
- 318 — 21 —1]9 — 413
no ye no ye

write, Yes, if they can subtract and No, if they
cannot subtract, They should not solve the prob-
lems. After doing about four pages like the ex-
amples shown the students are ready to learn how
to subtract the problems where they have been
writing no.

Teaching pupils to be able to solve missing
addend problems has been a real problem for many

years. Missing addends can only be meaningful
after the pupil knows the addition and subtraction
facts and also knows how to analyze a sentence.
In the example below the teacher needs to ask
some questions. Is 13 a sum or an addend? Is 9

A A S

a sum or an addend? Is the missing number a sum
or an addend? Will you add or subtract to find the
missing number? Do it. Is 12 a sum or an addend?
Is 7 a sum or an addend? Is the missing number

12 =7
5 A A

a sum or an addend? Will you add or subtract to
find the missing number? Do it.

As the pupils learn to first look at the sen-

tences and decide what they are looking for and
then make the decisions, they can find the miss-
ing number. This type of training is very valuable
in mathematics for the student who first looks
and analyzes a problem before he starts to solve
the problem.

The examples given are only a few of the trouble
spots but by looking at them one can be aware of
some of the teaching that is needed to help
students become successful in learning life survival
gkills in mathematics. If one honestly believes
students do not fail but only teachers fail to find
the trouble spots then the challenge is 2 real one.
Creative teachers learn from the teachers next
door. All of us who teach must share our experi-
ences and learn from each other. This can be
an exciting experience for the great teachers al-
ways want to continue to grow.

Geometry in the Elementary School

by LELON R. CAPPS
University of Kansas, Lawrence, Kansas

In modern programs for elementary school
mathematics instruction one significant change has
heen the inclusion of more geometry, Unfortunate-
ly, the inclusion of a topic in the curriculum does
not guarantee that it will be taught, and more
importantly, learned. There are many factors that
influence what is happening to geometry in our
modern programs and it is the purpose of this
article to provide some information on the “state
of the subject.

How Did It Start?

Historically geometry gained its place in the
curriculum over a long period of time, First courses
in geometry appeared in high schools as early as
1821 but a course in geometry was not common-
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place in high schools until it appeared as an en-
trance requirement fo college. Yale required a
course in geometry for entrance in 1865 while
Princeton, Michigan and Cornell introduced the
requirement in 1868 with Harvard following in
1870.

As might be expected, the first high school
courses used college level texts, Thus, the treat-
ment of geometry was a formal one. The intuitive
approach had its inception in about 1859 when
Thomas Hill suggested that intuitive geometry in
the elementary grades provide the basis for arith-
metic and that all elementary children should be
exposed to geometry prior to the studies of formal
geometry at the high school level.

|
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Thus, the rationale for including geometry in
elementary school programs is by no means recent.
Bernard Marks’ statement of 1871 is still relevant:

How it ever came to pass that Arithmetic
should be taught to the extent attained in the
grammar schools of the civilized world, while
Geometry is wholly excluded from them is a
problem for which the author of this little
book has often sought a solution, but with
only this result, vis., that Arithmetic, being
considered an elementary branch, is included
in all systems of elementary instruction; but
Geometry, being regarded as a higher branch,
is reserved for systems of advanced education,
and is, on that account reached by but very
few of the many who need it (Marks, 1871).

The Committee of 10 followed in 1892, with the
recommendation that intuitive geometry be intro-
duced at the elementary level. It was the report of
that committee that began the trend of more
geometry in elementary school programs.

How Much Geometry Is There
In our Elementary Program?

A survey of five leading textbooks recently was
done by Peterson. In each series, the percent of
pages devoted to geometry was determined for
grades three, four, five, and six. The range of per-
cent for each of the grade levels follows:

3rd — 10.09% — 19.5%
4th —10.0% — 22.2%
5th — 13.3% — 24.2%
6th — 15.3% — 27.7%

As stated previously, the fact that, on the
average, 15% of a program contains geometry is
not a guarantee that it is being taught to students
or that students are learning it when it is taught.
Thus, we need to examine some issues related to
having the content presented to and learned by
the students. Several guestions merit discussion.

Should the Geometry be Massed in One or Two
Comprehensive Units or Should it be Distributed
in Lessons of 2 or 3 Pages interspaced Through-
out a Program?

Common sense would seem to dictate that ge-
ometry content be developed in an integrated
fashion. That is, the topic or topics should be
provided enough space and time to allow for
ample discussion and exposure with some oppor-
tunity to digest and interrelate several concepts
that are interdependent. Teaching a lesson here
and a lesson there would not seem to allow for
the relating of the concepts taught.

Are Students Capable of Learning the
Concepts Being Presented?

Numerous studies have been conducted to indi-
cate that the basic comcepts of geometry now
included in programs can be learned by students.
However, people frequently will point to an iso-
lated statement to prove that it can’t be done.
Tor example, Piaget claims that the abstract oper-
ations which enable a child to understand co-
ordinate geometry do not develop until ages eleven
to thirteen. Yet, we know that third and fourth
grade students use concepts of coordinate geom-
etry most readily in constructing and interpreting
maps and graphs, One almost is led to believe that
in searching for reasons not to do something all
that is needed is the statement of one authority
that will exhibit a discrepancy between that state-
ment and practice.

What About Teaching Geomery to
the '‘Culturally Deprived’?

Johnson taught a three week unit in topology
and geometry to both Anglo American and dis-
advantaged Mexican-American second grade stu-
dents. She found no relationship between ethnic
membership and achievement in geometry, Bring
also compared achievement in geometry between
Caucasians and other ethnic groups. He found no
significant difference in gain scores between
groups. .

One could conclude that geometry may be one
of the best topics to teach to ethnic groups and
“culturally deprived.” In the writer’s opinion, we
should operate on the assumption that all students
can learn and refrain from using ethnic group
membership and cultural deprivation as reasons for
not achieving our goals in teaching mathematics.

Do Teachers Have the Necessary Knowledge
of Geometry to Teach it Effectively?

Bailey found that 709 of a group of prospective
elementary teachers obtained a score of less than
709 on geometry concepts taught in elementary
mathematics texts. Obviously, there are reasons
for their low scores, Many elementary teachers
have not taken formal coursework in geometry
since they were in high school. This, coupled with
the fact that geometry did not receive emphasis in
the elementary mathematics curriculum they were
teaching would most likely result in low scores in
geometry content tests.

However, the results also may reflect, to a great
extent, an attitude toward geometry that is wide-
spread among elementary level teachers. Because
of an inadequate background, many teachers fear
the area of geometry. Too often, this fear mani-
fests itself in teachers omitting the geometry les-
sons in their programs. The net result of this
behavior will have disastrous consequences if this
omission of geometry continues. It can be ex-
plained in the following way.
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At the junior and senior high school levels, the
geometry and trigonometry is being integrated into
the curriculum as part of the Algebra I and Alge-
bra II courses. The end result of this integration
processes will, in many cases, lead to the discon-
tinuance of separate geometry and trigonometry
courses at these levels.

Thus, students who enter Algebra I and 1I will
need some background experience in geometry that
will include concepts beyond measurement. Cur-
rent elementary programs have included many of
these concepts at the intuitive level. Thus, we can
see why there is greater emphasis on geometry in
the elementary curriculum.

More importantly, we see the cruciality of pro-
viding all elementary level students with intro-
ductory experiences to the geometry content that
is included.

In drawing this discussion to a close, it might be
well to provide a general listing of the geometry
content in elementary programs at grade 4, 5, 6.
After examining this table, we need to give serious
thought te answering the gquestions that follow it.

Are elementary teachers adequately teaching the
geometry content in the curriculum?

Can we afford to omit the lessons on Geometry in
the elementary school mathematics curriculum?
Will our elementary school students be adequately
prepared for the junior and senior high school

mathematics courses?

Who will be responsible?

12

Bibliography
Books

Hill, Thomas. The True Order of Studies. In Report to
Regents of Normal Schools on the Teachers Institutes,
Held in Wisconsin in 1859. James Ross, State Printer,
Madison, Wisconsin, 1820.

Marks, Bernhard. First Lessons in Geometry. Ivison, Blake-
man, Taylor and Co., New York, 1871,

National Education Association. Report of the Committee
of Ten on Secondary School Studies With the Reporis
of the Conferences Arranged by the Commiilees.
American Book Co., New York, 1894.

Periodicals

Bailey, Howard Lloyd. A Study of the Competence in
Geometry of Undergraduate Elementary Education
Majors. Dissertation Abstracts, 30 (March-April,
1970) 4297-A.

Bring, Curtis Ray. Effects of Varying Concrete Activities
on the Achievement of Objectives in Metric & Non-
Metric Geometry by Students of Grades Five and Six.
Dissertation Abstracts, 32 (January, 1972) 3775-A.

Johnson, Louise Henrietta. Elementary School Geometry,
A Study of Achievement on Selected Objectives of
Geometry of Mexican-American and Anglo-American
Second Grade Children. Dissertation Abstracts, 32
(January-February) 3814-A.

Research In Progress
Peterson, Gary. The Preparation, Administration and In-
terpretation of an Achievement Test in Geometry for
Fourth, Fifth and Sixth Grades. Ph.D. Dissertation,
to be completed April, 1973, University of Kanasas,
Lawrence.

Notes Re; NCTM Meeting in April

1. Annual meeting registration fees are $9 for
members and $12 for nonmembers, with a $2
discount for those registering in advance.

2. Full-time students who have not taught pro-
fessionally, the non-teaching spouse or child of
a registrant, NCTM board members, NCTM
past presidents, speakers, and commercial ex-
hibitors will be issued badges in lieu of regis-
tration.

3. An elementary school teacher preregistration,
at $10 per badge, will be issued by mail to
schools. The number of elementary teachers
from the same school attending at the same
time is limited to the number of badges pur-
chased by mail through the school principal.

4, An elementary school district may negotiate a
per head registration fee for their elementary
teachers with headquarters of NCTM, predi-
cated by their agreement to the following—
A. To release all elementary teachers within

the negotiating school district.
B. That payment of the fee will be made by
the negotiating school district.

5. Advance registrations postmarked after thirty
(30) days before the convention will be re-
turned. No refunds will be made on cancella-
tions received after the convention begins.
Make room reservations by 'mail through—
Chalfonte-Haddon Hall, North Carclina Av-
enue, Atlantic City, N.J, 08404.



A PAYMENTS PARADOX

DAVID R. DUNCAN and BONNIE H. LITWILLER

Associate Professors of Mathematics
University of Northern ITowa
Cedar Falls, Iowa

Mathematics teachers and students are often in-
terested in problems which appear to be straight-
forward but have surprising solutions. An interest-
ing example is illustrated by this problem, Which
of the following jobs would provide you with the
better salary:

Job A—$8000 the first year and a raise of $800
for each succeeding year.

Job B—$4000 the first six months and a raise
of $200 for each six months period

It is evident that in the first year Job A provides
the better salary. Routine arithmetic calculations
vield these results:

Job A will pay $8000 for the first year while Job

B will pay $4000 the first six months and $4200
the second six months for a total salary of $8200
for the first year.

A plausible conjecture, however, i1s that begin-
ning in the second year, the salary for Job A will
surpass that of Job B. After all, one would think
that $800 increase once a year is twice as good as
two increases of $200 for a year! Routine calcula-
tions, however, yield a surprising result. Salaries
earned during the second year are:

Job A—$8800

Job B—-$4400 - $4600 (Recall a salary increase
of $200 for every six months period)
or $9000
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Similarily the salaries during the third year are:
Job A—$9600
Job B—$4800 4 $5000 or $2800

Note that for each of the first three years Job B
paid $200 more per year than Job A; thus, a $200
raise each six month period produces a better total
increase than an annual raise of $800. You will
find that this is also true for all succeeding years.

Now consider a second example:

Job A—$8000 the first year and a raise of $800
for each succeeding year. (Note that
this is the same data as in the first ex-
ample.)

Job B—$%2000 the first three months (a quarter
of one year) and $50 raise for each suc-
ceeding quarter.

The salaries earned for each of the three years
have heen computed:

During the first year:

Job A--$8000
Joh B—3$2000 + $2050 + $2100 + 32150
or $8300

During the second year:

Job A—$8800
Job B—$2200 4 $2250 + $2300 + $2350
or $9100

Borrowed from
The Oklahoma Council of Teachers
of Mathematics Newsleiter

(Fall 1973)
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During the third year:

Job A—$9600
Job B—$2400 + $2450 4 $2500 4 $2550
or $9900

Two observations should be made at this point.

1. Job B pays $300 more than Job A each year.
Again this is surprising since a common error
is to think that four quarterly raises of $50
is the same as a yearly raise of $200 which is
certainly less than $800.

2. If the yearly wage for Job A is thought of
as being paid in four equal quarterly pay-
ments, then the first quarterly payments for
the first three years are: $2000 for the first
year, $2200 for the second year, and $2400
for the third year. Note that these are also
the same wages as earned on Job B for the
first quarter of the respective years. Job B
then surpasses Job A for the remaining pay-
ing periods of each year, The same is true
in example one also.

Let us now generalize the problem and consider
Job B first. The year will be divided into “n” pay-
ing periods of equal length; these periods will be
called “n-periods”, For instance in example one,
““2-periods” were used while in example two “4-
periods” were used.

Jdob B—A worker earns X/n for the first n-
period and receives a raise of r for each succeeding
n-period.

Job A—A worker earns X for the first year and
receives a raise of n® - r for each succeeding year.

During the first year Job A earns X. Job B:
eams.
Xm4 X/m+ 1) + (X/n+ 2r) ¢
+ (X/n + (n-1)1) =
nX/m}) +r+2r+ -+ (n-)r=
X+r(l4+24 0+ (n-1)) =

1) -
x Xl n
(Recaﬂ1+2+3--.+k=ﬂ€‘|‘__21&

During the second year Job A earns X 4 n’r.
Job B earns:

[X/n 4+ nr] 4+ [X/n + (n + 1)1]

+ X/m 4+ (o4 2)r] -0 + [X/n- (2n-1)r]

n(X/n +nr) + (r + 2r + 3r 4+~
r(n-I)n

A+ (n-1)r) = X + n’r + 5



For these two years and each succeeding year
r(n-i)n
2
vious two examples were special cases of the gen-
eral development. In the first example, x = 8000,
n=2, r=200; in the second example X = 8000,
n =4, r = 50. For the first ‘“n-period” of each year
Jobs A and B pay the same and the advantage of
Job B occurs during the remaining pay periods of
the year. For the first n-period of the second year,

ner

Job B pays more than Job A, The pre-

Job A receives or n * r of his yearly

raise, His salary for the first n-period would be
X/n 4+ nr; this is 1/n th of the base salary plus

1/n th of the yearly raise. Compare this with the
first n-petiod of Job B for the second year.

In a cursory examination of this situation one
might incorrectly conclude that a raise of r received
by a worker n times a year would have approxi-
mately the same result as a raise of n - r for a
whole year. The calculations reveal surprisingly
that even a raise of n® - r each year is not suffi-
cient to balance n raises of r during a year with
the given starting salaries,

References: The first example is adapted from a problem
in Elementary Analysis: A Modern Approach
{Prentice Hall, 1960) by IH. C. Trimble and
Fred W. Lott.
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PROFESSIONAL MEMBERSHIP APPLICATION
0 P s 0 0 ) ) B A DR DA RE AR D AR R R R R R R R R R ER R R R el DR AR R R R EeR
Date: School: School Address:

Position: [T} teacher, [ department head, [] supervisor, [T student.* [ other (specify).

Level: [J ¢lementary. {J junior high school, [3 high school, [ junior college, [J college, [] other (specify}

Other Information: Amount Paid

1 New membership

Texas Council of Teachers of Mathematics D Rencwal membership | 3 g
Local [ New membership
ORGANIZATION: [0 Renewal membership

1 New membership
OTHER: : {1 Renewal membership
Name (Please print) Telephone

Street Addre

City State. ZIP Cede

Check one: (0 New membership  [J Renewal membership

$ 9.00, dues and one journal 3 Arithmetic Teacher or [ Mathematics Teacher
Nuarional 13.00, dues and both journals
Council 4.50, student dues and one journal* (1 Arithmeric Teacher or (] Mathematics Tencher

of
6.50, student dues and both journals®

Teachers

of 3.00 additional for subscription.o Jorrnal for Research in Mathemuatics Edueation (NCTM members anly )

Matkematics .50 additienal for individual subscription 10 Mathemiatios Stadeat Journal INCTM members only }

The menmbership Juces payment includes 34.00 for a subscriplion 1o either the Marhematics Teacher or the
Arithrnetic Teachier and 25¢ for a subscription to the Newslerier. Life membership and institutional subscrip-
tion information available on request from ihe Washington office.

* I certify that [ have never laught professionally Enclose Qne Check
(Student signature) for Total Ameount Due >

Fill out, and mail to Dr. Floyd Vest, Mathematics Department, North
Texas State University, Denfon, Texas 76203.
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